In this paper, we study the oscillation of second-order neutral differential equations with delayed arguments. Some new oscillatory criteria are obtained by a Riccati transformation. To illustrate the importance of the results, one example is also given.
Introduction
The main focus of this study was the oscillation criteria of the solution of second-order delay differential equations of the form a ( ) z ( ) β + p ( ) f (z (τ ( ))) = 0‚ ≥ 0 ,
where z ( ) = x ( ) + q ( ) x (σ ( )) and β is a quotient of odd positive integers. Throughout the paper, we always assume that:
By a solution of (1), we mean a function z ∈ C ([ 0 ‚ ∞), R) , z ≥ • , which has the property a ( ) [z ( )] β ∈ C 1 ([ 0 ‚ ∞), R) , and satisfies (1) on [ z ‚ ∞). We consider only those solutions z of (1) which satisfy sup{|z ( )| : ≥ z } > 0, for all > z . We assume that (1) possesses such a solution. A solution of (1) is called oscillatory if it has arbitrarily large zeros on [ z ‚ ∞), otherwise it is called non-oscillatory. (1) is said to be oscillatory if all its solutions are oscillatory. Likewise, the equation itself is called oscillatory if all of its solutions are oscillatory.
Differential equations are of great importance in the branches of mathematics and other sciences. In 1918, researchers were interested in studying differential equations. Since then, there has been much research on the subject of the oscillation of differential and functional differential equations-see [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] .
The differential equation in which the highest-order derivative of the unknown function appears both with and without delay is called a neutral delay differential equation. In past years, researchers have been interested in the oscillation of neutral differential equations-see [11] [12] [13] [14] .
Many authors have discussed the oscillations of second-order differential equations, and have also proposed several ways to achieve oscillation for these equations. For treatments on this subject, we refer the reader to the texts, [15] [16] [17] [18] [19] [20] [21] . Here are some of the results that served as motivation for this work.
Cesarano and Bazighifan [22] discussed the equation
and used the classical Riccati transformation technique. Moaaz and Bazighifan [23] considered the oscillatory properties of second-order delay differential equations
under the condition
and he proved it was oscillatory if
Grace et al. [24] studied the differential equations
Trench [25] used the comparison technique for the following a ( ) w ( ) + q ( ) w (τ ( )) = 0, which they compared with the first-order differential equation, and on the condition
In this paper we used the Riccati transformation technique, which differs from those reported in [26] to establish some conditions for the oscillation of (1) under the condition
An example is presented to illustrate our main results. We begin with the following lemma.
and
Main Results
In this section, we state the oscillation criteria for (1). To facilitate this, we refer to the following:
then every solution of (1) is oscillatory.
Proof. Let x be a non-oscillatory solution of Equation (1), defined in the interval [ 0 , ∞). Without loss of generality, we may assume that x ( ) > 0 . It follows from (1) that there are two possible cases, for ≥ 1 , where 1 ≥ 0 is sufficiently large:
Assume that Case (C 1 ) holds. Since τ( ) ≤ t and z ( ) > 0, we get
which, together with (1), implies that
≤ −kq ( ) x β (τ ( ))
On the other hand, we see
Thus, we easily prove that
Applying the chain rule, it is easy to see that
By virtue of (7), the latter equality yields
Thus, we obtain
Integrating from 1 to , we get 
Thus, we conclude that
Define the function ω ( ) by
then ω ( ) > 0 for ≥ 1 and
From (9), we obtain
and this z ( )
Integrating the latter inequality from τ ( ) to , we get
Combining (7) and (13), it follows that
By (10) and (11), we obtain that
Now, we let
Applying the Lemma 1, we find
Hence, we obtain
Integrating from 1 to , we get 1 ρ (s) A (s)Ď (s) − a (s) (ρ + (s)) β+1
which contradicts (4) . Assume that Case (C 2 ) holds. It follows from a ( ) (z ( )) β ≤ 0, that we obtain
Integrating from to 1 , we get
Define the function ψ (t) by
then ψ (t) > 0 for t ≥ t 1 and
Using (18), we obtain
From (7), (19) , and (20) , we obtain
This implies that
Thus, by (19) yield
Applying the Lemma 1 with
Integrating from 1 to , we get
which contradicts (5) . The proof is complete.
Example 1.
As an illustrative example, we consider the following equation:
Let
If we now set δ ( ) = ρ ( ) = 1 and k = 1, It is easy to see that all conditions of Theorem 1 are satisfied.
Hence, by Theorem 1, every solution of Equation (24) is oscillatory.
Conclusions
This article was interested in the oscillation criteria of the solution of second-order delay differential equations of (1). It has also been illustrated through an example that the results obtained are an improvement on the previous results. Our technique lies in using the generalized Riccati substitution, which differs from those reported in [26] . We offered some new sufficient conditions, which ensure that any solution of Equation (1) oscillates under the condition (3). Equation (1) is a neutral delay differential equation when τ ( ) ≤ , σ ( ) ≤ . Furthermore, we could study τ ( ) ≥ , and be able to get the oscillation criteria of Equation (1) if z ( ) = x ( ) − q ( ) x (σ ( )) in our future work.
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